In this paper, we present a first linear programming (LP) formulation of the vertex colouring problem (VCP). The complexity orders of the number of variables and the number of constraints of the proposed LP are O ( 9 3 ) and O ( 8 3 ), respectively, where and are the number of vertices and the number of available colours in the VCP instance, respectively. Hence, the proposed model represents a reaffirmation of 'P = NP'. First, we develop a bipartite network flow (BNF) based model of the problem. Then, we use a graph-based modelling framework similar to that of Diaby to develop the proposed LP model. A numerical example is used to illustrate the approach.
Introduction
The VCP has a history dating back to the 19th century, when it was first posed as a mathematical problem in the context of colouring geographical maps (see Fritsch and Fritsch, 1998) . Other applications of the problem that have been described in the recent literature are numerous, including contexts such as cloth/fabric design (Govindaraju et al., 2005) , communication network design (Oliveira et al., 2005; Woo et al., 2002) , computation of derivative matrices (Gebremedhin et al., 2005) , crew scheduling (Gamache et al., 2007) , image segmentation (Gomez et al., 2007) , logic circuits design (Kania and Kulisz, 2007) , radio frequency identification systems design (Saygin et al., 2006) , robotics planning and scheduling (Demange et al., 2009) , satellite range scheduling , sequencing of stamping operations (Chu et al., 2008) , spectrum assignments in wireless communication systems (Peng et al., 2006) , timetabling (Burke et al., 2007; de Werra, 1985; Dowsland and Thompson, 2005) and wavelength assignments in optical networks (Noronha and Ribeiro, 2006) .
Reviews of work aimed at developing solution procedures for the VCP can be found in Galinier and Hertz (2006) , Laguna and Marti (2001) , and Pardalos et al. (1999) . Some closely related variants are also reviewed in Calamoneri (2006) . Because the problem was shown to be NP-complete (Karp, 1972) , exact procedures that have been developed have been enumerative approaches (Kubale and Jackowski, 1985; Lucet et al., 2006; Mehrotra and Trick, 2007; Sager and Lin, 1991; Sewell, 1993) . The main focus of research has been heuristics. The early procedures were greedy procedures. The best known of these are the 'maximum saturation degree (DSATUR)' procedure (Brelaz, 1979) , and the 'recursive largest first (RLF)' procedure (Leighton, 1979) . The more recent heuristics have been, in general, local search methods (Avanthay et al., 2003; Blöchliger and Zufferey, 2008; Caramia and Dell'Olmo, 2008; Galinier and Hertz, 2006) , biology-inspired procedures (Costa et al., 1995; Dowsland and Thompson, 2005; Fleurent and Ferland, 1996; Talaván and Yáñez, 2008) or 'hybrids' that combine local search and evolutionary algorithms (Fleurent and Ferland, 1996; Galinier and Hao, 1999; . Lower bounding and reformulation approaches also have been proposed (Albertson et al., 1989; Butenko et al., 2001; Caramia and Dell'Olmo, 2002; Coll et al., 2002; Dukanovic and Rendl, 2007; Glover, 2003; Kochenberger et al., 2005; Meurdesoif, 2005; Schiermeyer, 2008) .
Although good successes have been reported using some of the procedures above in terms of solution quality and/or the problem sizes tackled, these fall short with respect to a resolution of the fundamental issue of the tractability of the problem (see Garey and Johnson, 1979) . The most significant contribution of this paper is in that sense. We present a first linear programming (LP) formulation of the VCP. The complexity orders of the number of variables and the number of constraints of the proposed LP are O ( 9 3 ) and O ( The plan of this paper is as follows. The BNF-based model is discussed in Section 2. The path-based formulation is discussed in Section 3. The overall LP model is discussed in Section 4. Conclusions are discussed in Section 5.
The following notation will be used throughout the rest of this paper. Notation 1 (general notation):
1
: set of real numbers.
2 For two column vectors x and y, 
BNF-based model
Our overall LP model (described in the next section) consists essentially of a reformulation of the BNF-based model developed in this section. To the best of our knowledge, this BNF-based model is a first network flow-based reformulation of the VCP. The idea of the reformulation approach is, roughly, to treat the vertices and the available colours of the VCP as sinks and sources, respectively (see Bazaraa et al., 2005) .
We will first give an overview of the standard integer programming (IP) formulation of the VCP. Then, we will develop the proposed BNF-based reformulation. Finally, we will illustrate the reformulation with a numerical example. 
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Definition 2: Let Our BNF-based formulation of the VCP is as follows.
Problem 2 (Problem BNF): maximise:
s.t.:
, {0,1 }; , ,
1, 0; ,
The objective function (5) seeks to maximise the number of colours that are not used. Constraints (6) ensure (in light of constraints (10)) that each node in is coloured exactly once. Constraints (9) ensure that no node receives a colour that is not used, and that no two adjacent nodes receive a same given colour when that colour is used.
Constraints (7) and (8) properly account the number of times the colours are not used (by being assigned to the dummy node). Hence, Problem BNF correctly models the VCP.
Definition 3: Let Proof: First, observe that it follows trivially from definitions that each x P 1 (i.e. each feasible solution to Problem BNF) corresponds to exactly one feasible coloring of , and that a point of P 1 can be trivially 'constructed' from any given feasible coloring of . The theorem
follows from these directly.
The BNF-based formulation is illustrated in Example 1. Kochenberger et al., 2005) the BNF tableau form of the BNF-based formulation is: 
Example 1: For = 3 (i.e. 3 colours) and the VCP graph shown below (taken from

Reformulations of the BNF polytope
In this section, we first develop (in Section 3.1) a path representation of the extreme points of the BNF polytope (i.e. the points of P 1 ), using a multipartite graph framework. Then, we formulate (in Section 3.2) variables and constraints that model flows over the proposed multipartite graph in such a way that they (i.e. the flows) are restricted, in a rough sense, to paths that correspond to points of P 1 only. Finally, we show (in Section 3.3) that the induced polytope is an equivalent of the BNF polytope (and therefore, of the VCP polytope).
Multipartite graph representation
The graph, G = (V, A), that serves as the framework for our reformulation of the BNF polytope is illustrated in Example 2. In this graph, nodes consist of triples
The arcs of the graph are specified through the explicit statements of the forward and backward stars of the nodes, respectively. They correspond essentially to edges of the complement graph, , of the VCP graph, . 
(set of arcs of Graph G).
The notation for the multipartite graph representation is illustrated in Example 2 for the VCP instance of Example 1. Level, i r {1, 6, 11} r {2, 3, 4, 7, 8, 9, 12, 13, 14} r {5, 10} r = 15 i = 1 {3, 4, 6} {3, 4, 6} {2, 3, 4, 5, 6}
Backward stars of the nodes of Graph G: , 7, 12} r {3, 4, 5, 8, 9, 10, 13, 14, 15} r {6, 11} VCP paths are illustrated in Figures 1 and 2 for the VCP instance of Example 1. The through-path shown in Figure 1 is a VCP path and corresponds to the colouring where (vertices) 1 and 4 receive (colour) c 1 , 2 receives c 2 , and 3 and 5 (both) receive c 3 .
The partial (i.e. non-spanning with respect to the set of stages) path shown in Figure 2 corresponds to a colouring in which c 2 is applied to 2 , and c 1 is exclusively applied to Bazaraa et al., 2005) . They ensure that all flows initiated at stage 1 propagate onward, to stage n of the graph, in a connected and balanced manner. Specifically, constraints (13) stipulate that the total amount of flow from arc (i, r, j) that propagates through arc (k, s, t) and subsequently enters a 'downstream ' node, (u, p) , is equal to the amount of flow from arc (i, r, j) that propagates through arc ( k, s, t) and leaves the node. Constraints (14) stipulate that the total amount of flow from arc (i, r, j) that enters an 'intermediary' node, (u, p) , to propagate on to arc (k, s, t) is equal to the total amount of flow from arc (i, r, j) that leaves node (u, p) to propagate on to arc (k, s, t) . Constraints (15) stipulate that the total amount of flow from arc ( i, r , j) that propagates through arc (k , s, t) after having entered an 'upstream' node, (u, p) , is equal to the amount of flow from arc (i, r, j) that propagates through arc ( k, s, t ) and leaves the node. Constraints (16)- (18) ensure that the flow propagation between any pair of arcs of Graph G is consistently accounted across all the stages of the graph. Constraints (19) require that the total flow on any given arc of Graph G must propagate on to every level of the graph pertaining to a node in , or be part of a flow propagation that spans the levels of the graph pertaining to a node in . Constraints (20) ensure that adjacent nodes of the VCP graph, , do not receive the same colour. Constraints (21) ensure that the initial flow propagation from any given arc of Graph G occurs in an 'unbroken' fashion. Finally, constraints (22) stipulate (in light of the other constraints) that no part of the flow from arc (i, r, j) of Graph G can propagate back onto level i of the graph if i pertains to a node of the VCP Graph, , or onto level j if j pertains to a node of the VCP graph, .
The correspondence between the constraints of our overall IP model above and those of Problem BNF is as follows. Constraints (6) and (7) of Problem BNF are 'enforced' (i.e. the equivalent of the condition they impose is enforced) in the overall IP model by the combination of constraints (12), (19) and (22). Constraints (8) of Problem BNF are enforced through the combination of constraints (12)- (15) of the overall IP model. Finally, constraints (9) of the BNF-based reformulation are enforced by constraints (20) of the overall IP model. Note that constraints (20) of the overall IP model only serve to restrict variables to be zero. Hence, constraints (9), which are the 'complicating' constraints in Problem BNF, can be handled implicitly in the overall IP model, since they are reduced to simple restrictions of variables to zero in that model. ( ,1, )( ,2, )( ,3, )
Remark 2: Following standard conventions, any y-or z-variable that is not used in the system (12)-(24) (i.e. not defined in Notation 6) is assumed to be constrained to zero throughout the remainder of this paper.
Condition (i) follows directly from the combination of (25) with constraints (13)- (15).
Condition (ii) follows from the combination of condition (i) with constraints (16)- (18) and (21).
Condition (iii) follows from the combination of conditions (i) and (ii) with constraints (19).
Condition (iv) follows from the combination of condition (iii) with constraints (20) and (22). 
LP reformulation
Our LP reformulation of the BNF polytope consists of Q L . We show that every point of Q L is a convex combination of points of Q I , thereby establishing (in light of Theorems 3 and 5) the one-to-one correspondence between the extreme points of Q L and the points of Q I . 
Constraints (21) and (16) Proof: Statements (i) and (ii) of the theorem follow directly from the combination of Theorem 14, Corollary 2.iii, and the correspondence between BFS's of LP models and extreme points of their associated polyhedra (see Bazaraa et al., 2005, pp.92-101) . Statement (iii) follows from the primal degeneracy of Problem LP (see Nemhauser and Wolsey, 1988, p.32) .
Overall linear program
Corollary 3: Problem LP solves the VCP.
Conclusions
We have developed a BNF-based model and a first LP formulation of the VCP. The computational complexity order of the number of variables and the number of constraints of our proposed LP are O (
) and O (
), respectively, where and are the number of nodes and the number of colours in the VCP, respectively. Hence, the significance of our development reaches beyond the scope of the VCP per se, to a reaffirmation of the equality of the computational complexity classes 'P' and 'NP.' With respect to solving practical-sized problems, the major difficulties with our LP model are that it is very-large-scale, and that it is very degenerate (in both its primal and dual forms). We believe a worthwhile direction for future research in trying to overcome these difficulties may be the development of large-scale optimisation approaches (e.g. see Mehrotra and Trick, 1996) aimed at exploiting the special structure of our model (as developed in this paper). Also, it seems that good, mathematical programming-based heuristic solutions may be obtained using the BNF-based reformulation proposed in this paper. Such solutions could be used as starting points for the large-scale optimisation approaches we have suggested.
